Background {#Sec1}
==========

Under the name of the "*new lifetime distribution*", about 400 studies have been done in the recent 5 years. In particular, the compound distributions obtained by exponential distribution are applicable in the fields such as electronics, geology, medicine, biology and actuarial. Some of these works can be summarized as follows: Adamidis and Loukas ([@CR2]) and Adamidis et al. ([@CR1]) introduced a two-parameter lifetime distribution with decreasing failure rate by compounding exponential and geometric distribution. In the same way, exponential-Poisson (EP) and exponential-logarithmic (EL) distributions were given by Kus ([@CR12]) and Tahmasbi and Rezaei ([@CR18]), respectively. Chahkandi and Ganjali ([@CR7]) introduced exponential-power series distributions (EPS). Barreto-Souza and Bakouch ([@CR5]) introduced a new three-parameter distribution by compounding exponential and Poisson--Lindley distributions, named the exponential Poisson--Lindley (EPL) distribution. Exponential-Negative Binomial distribution is introduced by Hajebi et al. ([@CR11]). Furthermore, Gui et al. ([@CR10]) have considered the Lindley distribution which can be described as a mixture of the exponential and gamma distributions. This idea has helped them to propose a new distribution named as Lindley--Poisson by compounding the Lindley and Poisson distributions.

Because most of those distributions have decreasing failure rate. They have important place in reliability theory. Lots of those lifetime data can be modelled by compound distributions. Although these compound distributions are quite complex, new distributions can fit better than the known distributions for modelling lifetime data.

Probability mass function of the discrete Lindley distribution obtained by discretizing the continuous survival function of the Lindley distribution (Gómez-Déniz and Calderín-Ojeda [@CR9]; Eq. 3, Bakouch et al. [@CR4]; Eq. 3). This discrete distribution provided by authors above, is quite a complex structure in terms of parameter. In order to overcome problems in estimation process of the parameter of Lindley distribution, we propose a modified discrete Lindley distribution. Thus, estimation process of the parameters using especially the EM algorithm was facilitated. Afterwards, we propose a new lifetime distribution with decreasing hazard rate by compounding exponential and modified-zero-truncated discrete Lindley distributions.

This paper is organized as follows: In "[Construction of the model](#Sec2){ref-type="sec"}" section, we propose the two-parameter exponential-modified discrete Lindley (EMDL) distribution, by mixing exponential and zero truncated modified discrete Lindley distribution, which exhibits the decreasing failure rate (DFR) property. In "[Properties of EMDL distribution](#Sec6){ref-type="sec"}" section, we obtain moment generating function, quantile, failure rate, survival and mean residual lifetime functions of the EMDL. In "[Inference](#Sec11){ref-type="sec"}" section, the estimation of parameters is studied by some methods such as moments, maximum likelihood and EM algorithm. Furthermore, information matrix and observed information matrix are also discussed in this section. The end of this section includes a detailed simulation study to see the performance of Moments (with lower and upper bound approximations), ML and EM estimates. Illustrative examples based on three real data sets are provided in "[Applications](#Sec17){ref-type="sec"}" section.

Construction of the model {#Sec2}
=========================

In this section, we first give the definition of the discrete Lindley distribution introduced by Gómez-Déniz and Calderín-Ojeda ([@CR9]) and Bakouch et al. ([@CR4]). We have achieved a more simplified discrete distribution than discrete Lindley distribution by taking $\documentclass[12pt]{minimal}
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                \begin{document}$$e^{-\theta }$$\end{document}$ in subsequent definition. Thus, we introduce a new lifetime distribution by compounding Exponential and Modified Discrete Lindley distributions, named the Exponential-Modified Discrete Lindley (EMDL) distribution.

Discrete Lindley distribution {#Sec3}
-----------------------------

A discrete random variable *M* is said to have Lindley distribution with the parameter $\documentclass[12pt]{minimal}
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Modified discrete Lindley distribution {#Sec4}
--------------------------------------
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### **Theorem 1** {#FPar1}

*MDL distribution can be represented as a mixture of geometric and negative binomial distributions with mixing proportion is*$\documentclass[12pt]{minimal}
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### *Proof* {#FPar2}

If p.m.f in ([2](#Equ2){ref-type=""}) is rewritten as the following form$$\documentclass[12pt]{minimal}
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Fig. 1P.m.f of geometric, negative binomial and modified discrete Lindley

Note that MDL distribution has an increasing hazard rate while a geometric distribution has a constant hazard rate. So, MDL distribution is more useful than geometric distribution for modelling the number of rare events.
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                \begin{document}$$\theta$$\end{document}$ is closed to zero, then MDL can occure different shapes than the p.m.f of a Geometric distribution. This situation made the distribution thinner right tail than a distribution which is compounded with exponential distribution. Thus, this proposed compound distribution can be usefull for modelling lifetime data such as time interval between successive earthquakes, time period of bacteria spreading, recovery period of the certain disease.

Exponential modified discrete Lindley distribution {#Sec5}
--------------------------------------------------

Suppose that *M* is a zero truncated *MDL* random variable with probablity mass function $\documentclass[12pt]{minimal}
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Thus, we can obtain the marginal probability density function of *X* as$$\documentclass[12pt]{minimal}
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Properties of *EMDL* distribution {#Sec6}
=================================

In this section the important characteristics and features in mathematical statistics and realibility which are moment generating function and moments, quantiles, survival, hazard rate and mean residual life functions of the *EMDL* distribution are introduced. We will also give a relationship with Lomax and Exponential-Poisson distributions.

Moment generating function and moments {#Sec7}
--------------------------------------

Moment generating function of *X* is given by$$\documentclass[12pt]{minimal}
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First and second raw moments are evaluated respectively as$$\documentclass[12pt]{minimal}
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Quantile function {#Sec8}
-----------------

Quantile function of *X* is obtained simply by inverting $\documentclass[12pt]{minimal}
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Survival, hazard rate and mean residual life functions {#Sec9}
------------------------------------------------------

The survival function of *X* is given by (Fig. [3](#Fig3){ref-type="fig"})$$\documentclass[12pt]{minimal}
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From ([3](#Equ3){ref-type=""}) and ([6](#Equ6){ref-type=""}) it is easy to verify that the hazard rate function of *X* is$$\documentclass[12pt]{minimal}
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The mean residual life function of *X* is given by$$\documentclass[12pt]{minimal}
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Relationship of the other distribution {#Sec10}
--------------------------------------

Let consider the following transformation of *X*$$\documentclass[12pt]{minimal}
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Inference {#Sec11}
=========

In this section the estimation techniques of the parameters of the *EMDL* distribution are studied using the moments, maximum likelihood and EM algorithm. In particular, because first two moments of the distribution have a very complex structure, we have developed bounds to get a solution more easily. Fisher information matrix and asymptotic confidence ellipsoid for the parameters $\documentclass[12pt]{minimal}
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Estimation by moments {#Sec12}
---------------------
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### **Theorem 2** {#FPar3}
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### *Proof* {#FPar4}
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Graph below shows that these bounds are eligible for $\documentclass[12pt]{minimal}
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Estimation by maximum likelihood {#Sec13}
--------------------------------
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Estimation by EM algorithm {#Sec14}
--------------------------

The hypothetical complete-data (*x*, *m*) density function is given by$$\documentclass[12pt]{minimal}
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The information matrix {#Sec15}
----------------------
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Simulation study {#Sec16}
----------------

We conduct a simulation study generating 200 samples, each of which has a sample size of $\documentclass[12pt]{minimal}
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It is observed from the tables that when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta >\theta$$\end{document}$, the ML estimates of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta$$\end{document}$ are better than the others with respect to the RMSE. When $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta >\beta$$\end{document}$, the moment estimates (both bounds) are as good as ML and EM estimates. Even for small sample size *n*, moment estimates are a little better.

Applications {#Sec17}
============

We illustrate the applicability of EMDL distribution by considering three different data sets which have been examined by a lot of other researchers. First data set is tried to be modeled by Transmuted Pareto and Lindley Distributions, second and third data sets are tried to be modeled by the Exponential-Poisson (EP) and Exponential-Geometric (EG) distributions. In order to compare distributional models, we consider some criteria as K-S (Kolmogorow-Smirnow), $\documentclass[12pt]{minimal}
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                \begin{document}$$-2LL$$\end{document}$(−2LogL), AIC (Akaike information criterion) and BIC (Bayesian information criterion) for the data sets.

**Data Set1** The data consist of the exceedances of flood peaks (in m^3^/s) of the Wheaton River near Carcross in Yukon Territory, Canada. The data consist of 72 exceedances for the years 1958--1984, rounded to one decimal place. These data were analyzed by Choulakian and Stephens ([@CR8]) and are given in Table [2](#Tab2){ref-type="table"}. Later on, Beta-Pareto distribution was applied to these data by Akinsete et al. ([@CR3]). Merovcia and Pukab ([@CR15]) made a comparison between Pareto and transmuted Pareto distribution. They showed that better model is the transmuted Pareto distribution (TP). Bourguignon et al. ([@CR6]) proposed Kumaraswamy (Kw) Pareto distribution (Kw-P). Tahir et al. ([@CR17]) have proposed weibull-Pareto distribution (WP) and made a comparison with Beta Exponentiated Pareto (BEP) distriubtion. Nasiru and Luguterah ([@CR20]) have proposed different type of weibull-pareto distribution (NWP). Mahmoudi ([@CR14]) concluded that the Beta-Generalized Pareto (BGP) distribution fits better to these data than the GP, BP, Weibull and Pareto models.

We fit data to EMDL distribution and get parameter estimates as $\documentclass[12pt]{minimal}
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**Data Set2** The data set given in Table [4](#Tab4){ref-type="table"}, contains the time intervals (in days) between coal mine accidents caused death of 10 or more men. Firstly, this data set was obtained by Maguire et al. ([@CR13]). There were lots of models on this data set such as Adamidis and Loukas ([@CR2]) and Kus ([@CR12]). They suggested to use Exponential-Geometric (EG) and Exponential-Poisson (EP) distributions respectively. On the other hand, Yilmaz et al. ([@CR19]) have proposed two-component mixed exponential distribution (2MED) for modeling this data set. In addition to these three models, we try to fit this data set by using EMDL distribution and we get the parameter estimates as $\documentclass[12pt]{minimal}
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According to Table [5](#Tab5){ref-type="table"}, EMDL distribution fits better than EG distribution.Table 4The time intervals (in days) between coal mine accidents37896591085427549822821719156361246118821778492711203294715501233113171312082753301293112013283212051825172031216302152031892223644255161366171291117634561151467195542911452171375520783618712243264757493819931248566131236936418155928632635412339034833837135772315114275584577274533619Table 5K-S and p values for EP, EG, 2MED and EMDLModelK-Sp valueEP0.06250.7876EG0.07610.55242MED0.05780.8386EMDL0.07520.5436

**Data Set3** The data set in Table [6](#Tab6){ref-type="table"} obtained by Kus ([@CR12]) includes the time intervals (in days) of the successive earthquakes with magnitudes greater than or equal to 6 Mw. Kus ([@CR12]) has used this data set to show the applicability of the EP distribution and he made a comparison between EG and EP distributions with K-S statistic. Parameter esitmates of EMDL distribution are $\documentclass[12pt]{minimal}
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                \begin{document}$$\hat{\beta }=0.0003$$\end{document}$. Calculated K-S statistic for EMDL can be seen in Table [7](#Tab7){ref-type="table"}, according to this, EMDL distribution gives the best fit to earthquake data in three models.Table 6Time intervals of the successive earthquakes in North Anatolia fault zone11633258323159756409501616398678968592203921796334611821486314318221173709979Table 7K-S and p values for EP, EG and EMDLModelK-Sp valueEP0.09720.9772EG0.18390.3914EMDL0.07060.9991

Conclusions {#Sec18}
===========

In this paper we have proposed a new lifetime distribution, which is obtained by compounding the modified discrete Lindley distribution (MDL) and exponential distribution, referred to as the EMDL. Some statistical characteristics of the proposed distribution including explicit formulas for the probability density, cumulative distribution, survival, hazard and mean residual life functions, moments and quantiles have been provided. We have proposed bounds to solve moment equations. We have derived the maximum likelihood estimates and EM estimates of the parameters and their asymptotic variance-covariance matrix. Simulation studies have been performed for different parameter values and sample sizes to assess the finite sample behaviour of moments, ML and EM estimates. The usefulness of the new lifetime distribution has been demonstrated in three data sets. EMDL distribution fits better for the third data set consisting of the times between successive earthquakes in North Anatolia fault zone than the EP and EG.
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